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Making use of the method presented in [1], we solve the plane elasticity theory
problem of the plane with a rectilinear cut, having mixed boundary conditions
at its edges,

1., Assume that the domain §’, occupied by a homogeneous, elastic and isotropic
medium, is represented by the plane of the complex variable z = x - iy, cut along the
segment L = ab of the real axis Ox. We take as the positive direction along L the
positive direction of the O -axis and we will assign to the boundary values of the con-
sidered functions at the left and right-hand side of Z the index plus and minus, respect-
ively,

The problem consists in the determination of the state of stress of the elastic medium
uder the following boundary conditions :

vh=f,(8), v =f(on L (.4)

Xyt =kY,*, X~ =kYy on L (1.2)

where & = const > 0, while f, (¢) and.j, (1) (¢t € L) are given functions whose values
together with their derivatives fi’ (¢) and f»’ () , are small quantities of the order of the
admissible displacements, We consider that fi’ (¢) and fo’ (¢) satisfy the Holder condition
on L. Here and in the sequel we make use of the definitions and notations adopted in
[1]. We also assume that the following conditions hold ;
vt (a) = v~ (a), vT (B) = v~ (b) (1.3)

and we specify [1]

r'=B+4iC, ' =B 4+i',C=0 (1.4)

so that at infinity the stresses are bounded and the rotation is equal to zero, We further
assume that the resultant vector (X, Y) of the external forces applied to both edges of
the cut L is satisfied, i,e, y _ ___)g{ [p(® —q ®)]dt, X = kY

p =Y,/ a()=Y,, tE€ L)
It is known [1] that the elastic equilibrium of §’ is defined in terms of two functions
@ (z) and Q (z), holomorphic in §’, including the point at infinity, which for large | z |
have the form (see [1]Sect,120):

X+iYy 1 1
®(2)=P—W5Tﬁ177+0(7) U<x<y
- = X i 1 1
9(2)=F+F'+%—1f;}7 0(—*) (1.5

Here % is a constant which characterizes the elastic properties of the medium, We con-
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sider that in the neighborhood of each of the extremities « and & the following esti~
mates (¢ is the corresponding extremity)

A A
19 () 1< Im,IQ(Z)I<'TCF (A4>0, 0<a )

|z |z
hold, In addition, we consider that at all points ¢ & L which do not coincide with the

extremities lim,_,‘ y@' (2) = 0 z=1=z+ iy) ('1.6)

Making use of the formulas (see [1], Sect, 120)
Yy—iXy=0@0)+2@0) +:c—2 P @

a v
2”(a: i a;)—“‘D(z)—*Q(Z)—(z—z)dJ’(z)

and taking into account (1, 6), we transform the boundary conditions (1,1), (1, 2) into the
following form (i is Lamé constant):

K [D+ () — B ()] — [~ (1) — & (D] =4pify () on L

#[® (t) — & (B] — [+ () — O ] = 4pifs’ () on L (1.7)
(@B —~Q® —[® O —Q®] =01 —ik)[p@)—q®)] on L
@B+QOI +H @O +eOI =d—iH[p®)+q@®] on L (1.8)

Thus, the formulated problem has been reduced to the determination of the functions
@ (z) and R (z) from the conditions (1. 7), (1. 8), where p (¢) and ¢ (f) are unknown real
functions,

Since @ (co0) — Q (o0) = —I, the general solution of the first of the boundary value
problems (1, 8) can be expressed by the formula [1]
1— N —q(v)
D) —Q(2) = 2m SP(T—Q( dv—T7, —T' =G, 1.9
L

Then, setting
X =V{Ez—a @—2), lim, , 2o X (2) = — i

for the general solution of the second of the boundary value problems (1. 8), we obtain

¢(Z)+Q(z)—zmxl(z)§ OL@t@),, 1;4(;)2

(1.10)

Here by X* ()= V' (t — a) (b — t) we mean the values taken by X (z) on the upper
edge of the cut L, while ¢, and (, are arbitrary complex constants subject to deter~
mination, Taking into account that for large | z |

1 i ca+b 14
=41

X (z) z + A —z_d-—"_

from (1.10) we obtain

D (2) + Q(3) = le+l(Cz+'i—bcl) i + 0(—;—)
On the other hand, from (1, 5) we have

— — (X Y) 1 1
(D(z)—{—Q(z):ZB—{—I'-{—-(i-z—n%(—_F——:—);)- +0( )

From the last two equalities we obtain for the constants ¢, and C,
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;= —i(@2B +T)

=D — i)Y a4 -
Cr="me D —Ti 3 @B+TY (1.11)

In the sequel we assume that C, and C, are known, From (1, 9) and (1,10) we deter-
mine @ (z) and Q (z). Making use of the Sokhotskii=-Plemelj formulas [2, 3] and tak-
ing into account that X~ () = —X* () on L, we obtain

— 1 —
2<D"—'(t)=(1-—ik){j:p(t)2 gt +p(t)-;-q(t) +_Sp(f) q(f)d,‘:t

2ni T—t
L
1 Xt(m[p()+q@] Cit +C2
IniXT "’§ R df}‘!'CO:f:W (1.12)
t)—qft 3 t 1 —
2Qf(t)=(1_ik){$p()2 Q()er()—;-q()_dmsp(fr)_z(f)dri_
L
1 Xt (@) [p(®)+q ()] Cit + Ca
2 X+ (t)S T —1 d’f}—Coi————X+ D

Substituting ®* (t) and Q% (¢) from (1.12) into the equalities (1, 7), after some simple
transformations we obtain for the unknown functions p () and ¢ (¢) the following sys-
tem of singular integral equations:

%+1§p(f)—q(f)
t

A—=2k[p®+qg®]— — dr=4p[fr" (&) + fa' (] —2 (% + 1) bo

*+1(CX -
(A~ K 1p () — g () — g \ LD L@

T—1
L
b
417 () — ()] — 2 (x + 1) b‘f;{,)“‘ (1.13)

Here by X () we have denoted X+ (z), while &,, b,, b, ate determined from the equa-
lities Co = ao + iby, C; = ay 4 iby, Cy = a5 + iby

Making use of the methods given in [4], we can prove on the basis of the assumptions

introduced that the system (1.13) has a unique solution given by the following expres~
sion:

Ak (e — 1) [ (O + 12 ()] i (x4 1)
POTIO =" I+ Re—1f TR IR =17 X
PO— @, 2keE—1C 2+ 1) 2B+ B) 1.4
T—1 T+ KD R — 1
Gk (e — 1) [y () — £ ()] 4 (x4 1)
PO ="t Be—1F T RGTDRFRE—DTX® %
TOU@+H @, (kY k(=D BB @t —a—b) ¥
T [T FRE—DIX (0 LT

It should be noted that the result obtained holds also in the case k = 0.

Since p (¢) + g () and p (¢) — q () are already known, from (1, 9) and (1,10) we
obtain @ (z) + Q (z) and @ (z) — R (z), consequently, also @ (z) and Q (z). This solves
the formulated problem,
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2. We consider an example, Assume that a symmetric cut L = [—, I] is given on
which q 1
vr=gpP—1), T =gp®—D

where the constant R > 0 is sufficiently large, We assume that on both edges of L the
relations (1, 2) are satisfied, We also assume that the stresses and the rotation vanish at
infinity and that the resultant vector of the external forces acting on both edges of the
cut [ is equal to zero,

Under these assumptions, taking into account (1,4) and (1.11), we setB = B'=C' = 0,
from where by virtue of the formulas (1.14) we obtain

8p (v 4-1) 1—t
p)y+g(t)=— AR [(%F1)2 = B2 (x— 1)7] (2l+tlnm—)
8uk (v —1) t

p)—ql) = R+ F & (x— 1)1

Substituting the expressions for p (¢) + ¢ (z) and p (¢) — g (¢) into (1. 9) and (1.10),
respectively, we obtain for the functions @ (z) and Q (z)
2 (1 — ik) z—1
R T e A R
2 (1 — ik) z—1
Q6 == R+ 1 F ik (x— DI (2l+““z+ l)

Here by In[(z — 1) / (z 4+ I)] we mean the branch which is holomorphic in the plane
cut along 7 and which vanishes at infinity,

The obtained functions @ (z) and Q (z) determine the state of stress of the elastic
medium which occupies the domain ',
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